We consider a family of norms (called operator E -norms) on the algebra B(H) of all bounded operators on a separable Hilbert space H induced by a positive densely defined operator G on H. Each norm of this family produces the same topology on B(H) depending on G. By choosing different generating operator G one can obtain operator E -norms producing different topologies, in particular, the strong operator topology on bounded subsets of B(H).
Introduction and preliminaries
The algebra B(H) of all bounded linear operators on a separable Hilbert space H, some its subalgebras and subspaces are basic objects in different fields of modern mathematics and mathematical physics [4, 9, 11] . In particular, B(H) appears as an algebra of observables in the theory of quantum systems while unital completely positive maps between such algebras called quantum channels play the role of dynamical maps in the Heisenberg picture [6, 19, 21] .
The variety of different topologies on B(H), relations between them and their "physical" sense are well known for anybody who is interested in functional analysis, theory of operator algebras, mathematical and theoretical physics.
In this article we describe families of norms on B(H) producing different topologies on B(H), in particular, the strong operator topology on bounded subsets of B(H). These norms depending on a positive densely defined operator G were introduced in [14] for quantitative analysis of continuity of the Stinespring representation of a quantum channel with respect to the strong convergence of quantum channels and the strong operator convergence of Stinespring isometries. Now we consider these norms (called the operator E -norms) in more general context (assuming that G is an arbitrary positive operator). In Section 2 we consider equivalent definitions and basic properties of the operator E -norms. Some of these properties look like natural generalisations of the well known results concerning the operator norm.
The operator E -norms make it possible to obtain a generalization the KretschmannSchlingemann-Werner theorem proved in [7] . The original version of this theorem shows continuity of the Stinespring representation of a completely positive (CP) linear map with respect to the norm of complete boundedness (cb-norm in what follows) 1 on the set of CP maps and the operator norm on the set of Stinespring operators. Our aim was to obtain a version of this theorem for other (weaker) topologies on the sets of CP maps and corresponding Stinespring operators, in particular, for the strong convergence topology on the set of CP maps and the strong operator topology on the set of Stinespring operators. By using the operator E -norms one can upgrade the proof of the Kretschmann-Schlingemann-Werner theorem without essential changes. The generalised version of this theorem and its corollaries are presented in Section 3.
In Section 4 we describe two Banach spaces of linear operators on H naturally connected to the operator E -norms and completely determined by the generating operator G. The first one denoted by B G (H) is the maximal extension of B(H) on which the operator E -norms are well defined. The second Banach space B 0 G (H) is the completion of B(H) w.r.t. the operator E -norm which forms a proper subspace of B G (H) if G is an unbounded operator (if G is a bounded operator then B G (H) = B 0
G (H) = B(H)).
In Section 5 we apply the above results to analysis of extension of quantum channels and operations to unbounded observables. As a basic example we consider the operators associated with the Heisenberg Commutation Relation.
Let H be a separable infinite-dimensional Hilbert space, B(H) -the algebra of all bounded operators on H with the operator norm · and T(H) -the Banach space of all trace-class operators on H with the trace norm · 1 (the Schatten class of order 1) [4, 11] . Let T + (H) be the cone of positive operators in T(H). Trace-class operators will be usually denoted by the Greek letters ρ, σ, ω, ... The closed convex subsets T +,1 (H) = {ρ ∈ T + (H) | Trρ ≤ 1} and S(H) = {ρ ∈ T + (H) | Trρ = 1} of the cone T + (H) are complete separable metric spaces with the metric defined by the trace norm. Operators in S(H) are called density operators or states, since any ρ in S(H) determines a normal state A → TrAρ on the algebra B(H) [4, 6] . Extreme points of S(H) are 1-rank projectors called pure states.
Denote by I H the unit operator on a Hilbert space H and by Id H the identity transformation of the Banach space T(H).
We will use the Dirac notations |ϕ , |ψ ϕ|,... for vectors and operators of rank 1 on a Hilbert space (in this notations the action of an operator |ψ ϕ| on a vector |χ gives the vector ϕ|χ ψ|) [6] .
We will pay a special attention to the class of unbounded densely defined positive operators on H having discrete spectrum of finite multiplicity. In Dirac's notations any such operator G can be represented as follows
on the domain D(G) = {ϕ ∈ H |
is the orthonormal basis of eigenvectors of G corresponding to the nondecreasing sequence {E k } +∞ k=0 of eigenvalues tending to +∞. We will use the following (cf. [23] )) Definition 1. An operator G having representation (1) Proof. By using the fact that any closed convex set in a finite-dimensional linear space is a union of the relative interior of its faces [12, Theorem 18.2] , one can show that any face F of V G,E is the intersection of some face F * of S(H) and the hyperplane determined by the equality TrGρ = E. Since the faces of S(H) have dimensions 0, 3, 8, etc. [3, Ch.8] , it follows that dim F = 0 implies dim F * = 0. Hence all extreme points of V G,E are extreme points of S(H), i.e. pure states. Lemma 3.
[22] If f is a concave nonnegative function on [0, +∞) then for any positive x < y and any z ≥ 0 the inequality xf (z/x) ≤ yf (z/y) holds.
Operator E -norms on B(H).
Let G be a positive operator on H with a dense domain D(G) such that
For given E > 0 consider the function on B(H) defined as
where the supremum is over all states ρ in S(H) satisfying the inequality TrGρ ≤ E.
2
The following proposition is proved in [14] . TrAρA * , ∀A ∈ B(H).
B) If G is a discrete operator (Def.1) then for any A ∈ B(H) and E > 0 the supremum in (3) is attained at a pure state ρ A in S(H) such that TrGρ A ≤ E. This means that (2) . It implies the following equivalent definitions of the operator E -norms
and
where K is a separable Hilbert space. Proposition 3B shows that in the case of discrete operator G the supremum in (9) can be taken over singleton collections {ϕ i } and that the Hilbert space K in (10) can be taken trivial (one-dimensional).
Remark 3. Definition (8) looks more natural than (3), it also produces a norm on B(H). We use definition (3), since it implies concavity of the function E → A G E 2 (which is a very desirable property). We don't know examples of G for which (3) and (8) are different. But if we assume that they are different for some A and E then one can show that definition (8) produces a family of norms not possessing the aforementioned concavity property.
Proof of Proposition 3. A) Since S(H) ⊂ T +,1 (H), it suffices to show that " ≥ " holds in (7) . Let ρ be an operator in T +,1 (H) such that TrGρ ≤ E and r = Trρ. Then ρ . = r −1 ρ is a state such that TrGρ ≤ E/r. So, by using concavity of the function E → A G E 2 and Lemma 3 in Section 1 we obtain
B) Assume that the operator G has form (1). For given n denote by H n the linear span of the vectors τ 0 , ..., τ n−1 , i.e. H n is the subspace corresponding to the minimal n eigenvalues of G (taking the multiplicity into account). Denote by P n the projector onto H n . Let A be any operator in B(H). By using Lemma 2 in Section 1 it is easy to show that all extreme points of the convex subset of S(H n ) determined by the inequality TrG n ρ ≤ E, where G n = GP n , are pure states. It follows that the supremum in definition (3) with A = AP n is attained at a pure state for all n.
Thus, to prove that the supremum in definition (3) can be taken only over pure states it suffices to show that 
Proposition 4 shows that the linear transformations
for any A ∈ B(H) and any ρ ∈ S(H) such that TrGρ ≤ E (since the condition Φ(I H ) ≤ I H guarantees that Φ * (ρ) ∈ T +,1 (H)). This implies the first inequality. The second inequality follows from (4). 
Properties of the E -norms related to tensor products
For arbitrary operators A ∈ B(H 1 ) and B ∈ B(H 2 ) the following inequalities hold
8 If G 1 and G 2 are Hamiltonians of quantum systems 1 and 2 described by the spaces H 1 and H 2 then G 12 is the Hamiltonian of the composite quantum system 12 [6] . 9 Here and in what follows we write I X instead of I HX (where X = 1, 2, A, B, ..) to simplify notations.
and B) For each x ∈ (0, E) and any ε > 0 there exist states ρ 1 in S(H 1 ) and ρ 2 in S(H 2 ) such that Tr|A| 2 ρ 1 > A
Since ε is arbitrary, this implies the left inequality in (11) . By the operator Cauchy-Schwarz inequality for any state ρ 12 in S(H 12 ) we have
Since TrG 12 ρ 12 = TrG 1 ρ 1 + TrG 2 ρ 2 , this implies the right inequality in (11) .
To prove inequality (12) it suffices to note that
and to apply Proposition 4B and part A of this proposition.
3 The E -version of the Kretschmann-SchlingemannWerner theorem
In this section we consider application of the operator E-norms to the theory of completely positive (CP) linear maps between Banach spaces of trace class operators on separable Hilbert spaces (the Schatten classes of order 1). Since T(H) * = B(H), the below results can be reformulated in terms of CP linear maps between algebras of all bounded operators on separable Hilbert spaces. Nevertheless, the use of the "predual picture" is more natural for representation of our results. The theory of CP linear maps between Banach spaces of trace class operators has important applications in mathematical physics, in particular, in the theory of open quantum systems, where CP trace-preserving linear maps called quantum channels play the role of dynamical maps (in the Schrodinger picture), while CP trace-non-increasing linear maps called quantum operations are essentially used in the theory of quantum measurements [6, 19, 21] .
For a CP linear map Φ : T(H A ) → T(H B ) the Stinespring theorem (cf. [17] ) implies existence of a Hilbert space H E and an operator V Φ :
where Tr E denotes the partial trace over H E . If Φ is trace-preserving (correspondingly, trace-non-increasing) then V Φ is an isometry (correspondingly, contraction) [6, Ch.6].
The dual CP linear map Φ * :
The norm of complete boundedness (cb-norm in what follows) of a linear map between the algebras B(H B ) and B(H A ) (cf. [9] ) induces (by duality) the norm
on the set of all linear maps between Banach spaces T(H A ) and T(H B ), where H R is a separable Hilbert space and H AR = H A ⊗ H R . If Φ is a Hermitian preserving map then the supremum in (15) can be taken over the set S(H AR ) [19, Ch.3] . The Kretschmann-Schlingemann-Werner theorem (the KSW-theorem in what follows) obtained in [7] states that
where the infimum is over all common Stinespring representations
In the proof of the KSW theorem it is shown that the quantity inf V Φ ,V Ψ V Φ − V Ψ coincides with the Bures distance between the maps Φ and Ψ defined by the expression
in which H R is a separable Hilbert space and β(·, ·) in the r.h.s. is the Bures distance between operators in T + (H BR ) defined as
where
is the fidelity of the operators ρ and σ [6, 19, 21] . The Bures distance between CP linear maps Φ and Ψ is connected to the operational fidelity of these maps introduced in [2] by the relation similar to (18) . The KSW theorem shows continuity of the map V Φ → Φ and selective continuity of the multi-valued map Φ → V Φ with respect to the cb-norm topology on the set F(A, B) of all CP linear maps Φ from T(H A ) to T(H B ) and the operator norm topology on the set of Stinespring operators V Φ .
The cb-norm topology is widely used in the quantum theory, by it is too strong for description of physical perturbations of infinite-dimensional quantum channels [15, 23] . Our aim is to obtain a version of the KSW theorem which would show continuity of the map V Φ → Φ and selective continuity of the multi-valued map Φ → V Φ with respect to weaker topologies on the sets of CP linear maps Φ and Stinespring operators V Φ . A natural way to do this is to use the operator E -norms induced by some positive operator G on H A (naturally generalized to operators between different separable Hilbert spaces, see Remark 1) and the energy-constrained cb-norms
on the set of Hermitian-preserving linear maps from T(H A ) to T(H B ) introduced independently in [15] and [23] (the positive operator G is treated therein as a Hamiltonian of a quantum system A). 10 If G is a discrete unbounded operator (see Def.1) then the topology generated by any of the norms (20) on bounded subsets of F(A, B) coincides with the strong convergence topology generated by the family of seminorms
Following [13] introduce the energy-constrained Bures distance
between CP liner maps Φ and Ψ from T(H A ) to T(H B ), where β(·, ·) in the r.h.s. is the Bures distance between operators in T + (H BR ) defined in (18) and H R is a separable Hilbert space. The distance β E (Φ, Ψ) turns out to be extremely useful in quantitative continuity analysis of capacities of energy-constrained infinite-dimensional quantum channels [13, Theorem 2] . By using the well known relations between the trace norm and the Bures distance (18) one can show that for any E > 0 the distance β E (Φ, Ψ) generates the same topology on bounded subsets of F(A, B) as any of the energyconstrained cb-norms (20) . The results of calculation of β E (Φ, Ψ) for real quantum channels can be found in [8] . Now we can formulate the E-version of KSW-theorem. Theorem 1. Let G be a positive densely defined operator on H A . Let · E cb and · E be, respectively, the energy-constrained cb-norm and the operator E-norm induced by G.
12 For any CP linear maps Φ and
where the infimum is over all common Stinespring representation (16) . The quantity inf V Φ ,V Ψ V Φ − V Ψ E coincides with the energy-constrained Bures distance β E (Φ, Ψ) defined in (21) . The infimum in (22) is attainable.
10 Slightly different energy-constrained cb -norm is used in [10] . 11 This topology is a restriction to the set F(A, B) of the strong operator topology on the set of all linear maps from T(H A ) to T(H B ). The strong convergence of a sequence {Φ n } ⊂ F(A, B) to a map Φ 0 means that lim n→∞ Φ n (ρ) = Φ 0 (ρ) for all ρ ∈ T(H A ).
12 Throughout this section we use a fixed generating operator G, so we will denote the operator E -norm by · E (instead of · G E ) to simplify notations.
Proof. We will follow the proof of the KSW theorem (given in [7] ) with necessary modifications concerning the use of the energy-constrained cb-norms and the operator E-norms (instead of the ordinary cb-norm and the operator norm).
To prove the first inequality in (22) assume that ρ is a state in S(H AR ) such that TrGρ A ≤ E. For a given common Stinespring representation (16) we have
The first and the second inequalities follow from the properties of the trace norm (the non-increasing under partial trace and the triangle inequality), the third inequality follows from Proposition 4D, the last one -from Proposition 5A. By noting that
cb we obtain the first inequality in (22) . To prove the second inequality in (22) 
cb . This follows from the inequality β(ρ, σ) ≤ ρ − σ 1 valid for any ρ and σ in T + (H), which is easily proved by using the inequality Tr(
Denote by β ′ E (Φ, Ψ) the l.h.s. of (23). Let C s G,E be the subset of S(H A ) determined by the inequality TrGρ ≤ E and N (Φ, Ψ) = V * Φ V Ψ , where the union is over all common Stinespring representations (16) . Then it is easy to see that
Following the proof of Theorem 1 in [7] show that N (Φ, Ψ) coincides with the set To show that M(Φ, Ψ) ⊆ N (Φ, Ψ) it suffices to find for any contraction C ∈ B(H E ) a common Stinespring representation for Φ and Ψ with the operatorsṼ Φ andṼ Ψ from To prove that N (Φ, Ψ) ⊆ M(Φ, Ψ) take any common Stinespring representation for the maps Φ and Ψ with the operatorsṼ Φ andṼ Ψ from H A to H B ⊗ HẼ. By Theorem 6.2.2 in [6] there exist partial isometries W Φ and W Ψ from H E to HẼ such that
, the infimum in (24) can be taken over the set M(Φ, Ψ). This implies
where the possibility to change the order of the optimization follows from Ky Fan's minimax theorem [16] and the σ-weak compactness of the unit ball B 1 (H E ) of B(H E ) [4] . It is easy to see that
where ϕ is a purification of ρ, i.e. a vector in H A ⊗ H R such that Tr R |ϕ ϕ| = ρ. Since for any common Stinespring representation (16) and any purification ϕ of a state ρ the vectors V Φ ⊗I R |ϕ and V Ψ ⊗I R |ϕ in H BER are purifications of the operators Φ⊗Id R (ρ) and Ψ⊗Id R (ρ) in T(H BR ), by using the relation N (Φ, Ψ) = M(Φ, Ψ) proved before and Uhlmann's theorem [18, 21] it is easy to show that the square of the r.h.s. of (27) coincides with the fidelity of these operators defined in (19) . Note also that TrΦ ⊗ Id R (σ) = TrΦ(σ A ) and TrΨ ⊗ Id R (σ) = TrΨ(σ A ) for any state σ in S(H AR ). These observations and (26) imply that β ′ E (Φ, Ψ) = β E (Φ, Ψ), i.e. that (23) holds. The last assertion can be derived from the attainability of the infimum in the first line in (26) which follows from the σ-weak compactness of the unit ball B 1 (H E ).
Theorem 1 shows continuity of the map V Φ → Φ and selective continuity of the multi-valued map Φ → V Φ with respect to the energy-constrained cb-norm on the set of CP linear maps Φ and the operator E -norm on the set of Stinespring operators V Φ . Its basic assertion is the equality
Some difficulty of applying Theorem 1 is related to the fact that the infimum in (28) is over all common Stinespring representation (16) . But by using the constructions from the proof of this theorem one can obtain its versions which are more convenient for applications, in particular, for analysis of converging sequences of CP linear maps. 
for any CP linear map Ψ : 
for any CP linear map Ψ : To prove assertion B we will use the above operatorsṼ Φ andṼ C 0 Ψ as follows. Assume first that the operator C 0 is nondegenerate, i.e. ker C 0 = {0}. Let U be the isometry from the polar decomposition of C 0 , i.e.
Hence the triangle inequality and Proposition 4B imply that
Since C 0 is a contraction, by using Proposition 4B and the second inequality in (30) we obtain
Thus, it follows from (31) that (I B ⊗ U)V Ψ − V Φ E ≤ 2β E (Ψ, Φ). Since U is an isometry, (I B ⊗ U)V Ψ is a Stinespring operator for Ψ. To omit the assumption ker C 0 = {0} it suffices to note that nondegenerate operators form a dense subset of B 1 (H E ) in the weak operator topology and that the expression under the square root in the first line of (26) is a continuous function of C in this topology.
If {V n } is a sequence of operators from H A to H B ⊗ H E converging to an operator V 0 : H A → H B ⊗ H E w.r.t. the norm · E then the first inequality in (22) implies that the sequence of CP maps Φ n (ρ) = Tr E V n ρV * n converges to the map Φ 0 (ρ) = Tr E V 0 ρV * 0 w.r.t. the norm · E cb and
Theorem 2 allows to describe all sequences of CP linear maps converging w.r.t. the energy-constrained cb-norm.
Corollary 1. Let {Φ n } be a sequence of CP linear maps from T(H A ) to T(H B )
converging to a CP linear map Φ 0 with respect to the norm · E cb . A) There exist a separable Hilbert space H E ′ and a sequence {V n } of operators from H A into H B ⊗ H E ′ converging to an operator V 0 with respect to the norm · E such that Φ n (ρ) = Tr E ′ V n ρV * n for all n ≥ 0 and 
Factor "2" in (32) is a cost of the possibility to take the sequence {V n } of Stinespring operators representing the sequence {Φ n } for given H E and V 0 :
If the generating operator G is discrete and unbounded (Def.1) then the norm · E cb generates the strong convergence topology on bounded subsets of the set F(A, B) of all CP linear maps from T(H A ) to T(H B ) (by Proposition 3 in [15] ), while the norm · E generates the strong operator topology on subsets of linear maps from H A to H B ⊗ H E bounded by the operator norm (by Proposition 2B). Thus, in this case Corollary 1 gives representation of bounded strongly converging sequences of CP linear maps via strongly converging sequence of Stinespring operators. For sequences of quantum channels such representation is obtained in [14] (in the form of part A of Corollary 1).
Two Banach spaces related to the norm · G E
In this section we describe two Banach spaces related to the norm · G E : the maximal extension of B(H) on which the norm · G E is well defined and the completion of B(H) w.r.t. this norm. We will assume that G is a positive unbounded 13 operator on H with dense domain satisfying condition (2) . The case of discrete type operator G will be considered separately after formulations of general results.
Let L G (H) be the set of all linear (bounded or unbounded) operators A on H whose domain D(A) contains the set
We will say that operators A and B in L G (H) are G-equivalent if they coincide on the set V G . In what follows we will identify G-equivalent operators.
14 An operator ρ belongs to the set C 0 G . = {ρ ∈ T +,1 (H) | TrGρ < +∞, rankρ < +∞} if and only if it has a finite decomposition
where {ϕ i } is a set of vectors in V G . Moreover, any such decomposition of ρ consists of vectors in V G .
To avoid the notion of adjoint operator 15 we will define the operator AρB * for any A, B ∈ L G (H) and an operator ρ ∈ C 0 G with finite representation (33) as follows
By using Schrodinger's mixture theorem (see [3, Ch.8] ) it is easy to show that the r.h.s. of (34) does not depend on representation (33) and that ρ → AρB * is an affine function on C 
TrAρA * ,
13 If G is a bounded operator then the norm · G E is equivalent to the operator norm by Proposition 2A.
14 It means that we will consider classes of G-equivalent operators as vectors of all the Banach spaces under consideration (similar to the case of the Banach space L 2 (R)). 15 We make no assumptions about closability of unbounded operators, so the adjoint operators may not exist as densely defined operators [11] .
It is clear that (35) coincides with (3) for any bounded operator A.
By repeating the arguments from the proof of Proposition 1 one can show that the function E → A G E 2 is nondecreasing and concave on R + for any A ∈ L G (H) and that · G E is a norm on the linear subspace 
G,E (not only states). It follows that
where {ϕ i } is a finite or countable collection of vectors in V G . Thus, for any vector ϕ in H such that ϕ ≤ 1 and E ϕ . = ϕ|G|ϕ < +∞ we have
where In the following theorem we will assume that G is a positive unbounded densely defined operator on H satisfying condition (2) and
For a separable Hilbert space K we introduce the sets:
i.e. V G ⊗ K is the linear span of all vectors ϕ ⊗ ψ, where ϕ ∈ V G , ψ ∈ K, and 
Theorem 3. A) B G (H) is a nonseparable Banach space. The completion of B(H) w.r.t. any of the operator E-norms defined by formula (3) coincides with the proper subspace
for any countable sets {ϕ i } ⊂ V G and
G (H) then this extension is uniformly continuous on
is a function vanishing as ε → 0 + by condition (42).
(ii) The function ρ → AρA * is well defined by formula (34) on the set C G .
for any ρ and σ in C G,E such that ρ − σ 1 ≤ ε, where f A (E, ε) is the function defined in part (i).
G (H) then the operator A ⊗ I K and the function ρ → AρA * have no continuous extensions to the sets V G⊗I K ,E and C G,E correspondingly for any E > 0.
E) Any ball in B(H) is complete with respect to any of the operator E-norms.

F) If G is a discrete operator (Def.1) then the Banach space B 0 G (H) is separable and
where H 1 is the unit sphere in H. The supremum in (44) 
whereP n is the spectral projector of G corresponding to the interval (n, +∞).
Remark 6. Theorem 3C shows, in particular, that operators A in B 0 G (H) are characterized by continuity of the operator A⊗I K on the set V G⊗I K ,E and by continuity of the function ρ → AρA * on the set C G,E for any given E > 0.
Proof of Theorem 3.
A) Show first that B G (H) is a Banach space, i.e a complete normed linear space. Assume that {A n } is a Cauchy sequence in B G (H). It follows from (38) that for any vector ϕ ∈ V G the sequence {A n ϕ} is a Cauchy sequence in H. So, it has a limit which will be denoted by A * ϕ. It is clear that ϕ → A * ϕ is a linear operator on V G . So, A * belongs to the set L G (H). We will show that A n − A * G E tends to zero as n → +∞. Assume, there is ε > 0 such that A n − A * G E > ε for all n. Then for each n there is a state
Choose n such that
The first term in the r.h.s. of this inequality does not exceed
The second term can be made less than ε/3 by choosing sufficiently large m. So, we obtain a contradiction to the above assumption. Thus, B G (H) is a Banach space. To show the nonseparability of B G (H) take any increasing sequence {E n } +∞ n=0 ⊂ R + such that P G ((E n−1 , E n ]) = 0 for all n, where P G is the spectral measure of G, E 1 > E > 0 and E n /E n−1 → 1 as n → +∞. Consider the operators
x n E n P G ((E n−1 , E n ]), wherex = {x n } is a binary sequence. It is easy to see that Ax ∈ B G (H) for anyx. Ifx =ȳ then these is n such that x n = y n . Let ϕ be a unit vector in the range of P G ((E n−1 , E n ]). Since ϕ|G|ϕ ≤ E n and (Ax − Aȳ)ϕ 2 ≥ E n , we have 17 We use the inequality G (H) the sequence {AP n }, where P n = P G ([0, n]), converges to A with respect to the norm · G E . For given P n let ρ be any finite rank state such that TrGρ ≤ E and x n = 1 − TrP n ρ > 0. LetP n = I H − P n and ρ n = x −1 nP n ρP n . We have
The first inequality follows from the definition of the E -norm and the inequality TrGρ n ≤ E/x n , the second one follows from concavity of the function
Lemma 3 and the inequality x n ≤ E/n (which holds, since TrGρ ≤ E). The above estimate implies that
So, condition (42) guarantees that A − AP n G E tends to zero as n → +∞. The above arguments and Lemma 4 imply that (42) is equivalent to (45). Lemma 5 shows that B 0
G (H) = B G (H). B) The "only if" part and the expression
Since V G is dense in H, this implies that A ∈ B(H). C) To prove (i) assume first that A is a closable operator. Any vector η in the unit ball of H ⊗ K can be represented as
where {ϕ i } and {ψ i } are collections of orthogonal vectors in H and K correspondingly. We may assume that {ψ i } consists of unit vectors. If η lies in
Since A is closable, A ⊗ I K is closable as well [11] . To prove that η belongs to the domain of the closure of A ⊗ I K if suffices to show that the series i A|ϕ i ⊗ |ψ i converges in H ⊗ K. Since i ϕ i 2 = η 2 ≤ 1, expression (37) and (47) imply that
This guarantees the convergence of the above series.
The same arguments also show that the closure of A ⊗ I K satisfies (43). Assume now that A ∈ B 0 G (H). Note first that for any unit vector η in V G ⊗ K we have
Let E > 0 be arbitrary and A the intersection of V G ⊗ K and V G⊗I K ,E . Show that A is dense in V G⊗I K ,E . Any vector η in V G⊗I K ,E ⊂ H ⊗ K has representation (46) with some are collections {ϕ i } ⊂ H and {ψ i } ⊂ K of orthogonal and orthogonal unit vectors correspondingly. It follows from (47) that the vectors |η n = n i=1 |ϕ i ⊗ |ψ i belong to the set A for all n.
For arbitrary ε > 0 let η and θ be any vectors in A such that η − θ ≤ ε. By using the Cauchy-Schwarz inequality it is easy to show that η − θ|G ⊗ I K |η − θ ≤ 4E. So, by using (48), the concavity of the function E → A G E 2 and Lemma 3 we obtain
By condition (42) the r.h.s. of this inequality tends to zero as ε → 0 + . Thus, the function η → A ⊗ I K |η is uniformly continuous on A. By the density of A in V G⊗I K ,E , it has a unique uniformly continuous extension to the set V G⊗I K ,E satisfying (49).
So, in this case the operator A ⊗ I K has a linear extension to the set V G⊗I K which is uniformly continuous on the set V G⊗I K ,E for any E > 0. Hence it is a unique linear extension of A ⊗ I K to the set V G⊗I K satisfying (43).
In both cases the equality A ⊗ I K
| is an infinite rank operator in C G and {ψ i } is a set of orthogonal unit vectors in a separable Hilbert space K then |η = i |ϕ i ⊗ |ψ i is a vector in V G⊗I K such that ρ = Tr K |η η|. So, by using (i) and the well known relation between different purifications of a given state [6, 21] , it is easy to show that the r.h.s. of formula (34) with B = A does not depend on countable representation (33) of ρ. It follows that this formula correctly defines an affine function ρ → AρA * on the set C G . Let ρ and σ be operators in C G,E such that ρ−σ 1 ≤ ε. If K ∼ = H then one can find vectors η and θ in V G⊗I K ,E such that ρ = Tr K |η η|, σ = Tr K |θ θ| and η − θ ≤ √ ε.
Thus, since the trace norm does not increase under partial trace, the continuity of the function η → A ⊗ I K |η on the set V G⊗I K ,E (which follows from (i)) implies continuity of the function ρ → AρA * on the set C G,E . If the continuity bound (49) holds then by using the inequality |α α| − |β β| 1 ≤ α − β ( α + β ) we obtain
where the last inequality follows from Remark 4.
G (H) then, by the above part of the proof, the sequence AP n G E , whereP n is the spectral projector of G corresponding to the interval (n, +∞), does not tend to zero. Hence there is a sequence {ρ n } of states in C G,E such that the sequence {TrAP n ρ nPn A * } does not tend to zero. Since the condition TrGρ ≤ E implies TrP n ρ n ≤ E/n, this shows discontinuity of the function ρ → AρA * on the set C G,E . The above proof of the implication (i) ⇒ (ii) implies that the operator A ⊗ I K has no continuous extension to the set V G⊗I K ,E in this case. D) To prove this assertion of the theorem assume that {A n } is a sequence in B(H) converging to an operator A 0 ∈ B 0 G (H) such that A n ≤ M < +∞ for all n. Since A n G E ≤ A n ≤ M for all n and E > 0 and the right hand side of the inequality
tends to zero as n → +∞ for any E > 0, it is easy to see that A 0
Thus, this assertion follows from part B of the theorem. E) If G is a discrete operator then any spectral projector of G corresponding to a finite interval has finite rank. So, to prove that the supremum in definition (35) for any A in B 0 G (H) can be taken only over pure states it suffices to use Proposition 3B and the equivalence of (42) and (45). The possibility to replace unit sphere H 1 in (44) by the unit ball H ≤1 follows from Remark 4.
By Lemma 1 in Section 1 the set of pure states satisfying the condition TrGρ ≤ E is compact. So, by the continuity of the function ρ → TrAρA * on this set (which follows from assertion C) the supremum in (35) is attained at some pure state.
Separability of B 0 G (H) follows from separability of B(H) w.r.t. any of the E -norms, which can be easily shown by using Proposition 2B and separability of B(H) w.r.t. the strong operator topology. 
where {η k } is a finite or countable collection of vectors in V G⊗I K . So, by taking collections {η k = ϕ k ⊗ ψ}, where {ϕ k } ⊂ V G and ψ is a unit vector in K, and by using expression (37) for A G E it is easy to show that A ⊗ I K
To prove the converse inequality take any acceptable collection {η k } and note that any vector η k can be represented as i ϕ 
2 ≤ E. So, it follows from the assumption of the lemma and expression
Many properties of the norm · G E on B(H) described in Section 2 remain valid for its extension to the set B G (H). In particular, by using the Cauchy-Schwarz inequality and definition (34) it is easy to show that
for any operator ρ ∈ C 0 G and arbitrary operators A and B in B G (H). 
is uniquely extended to the bounded linear operator
In the following section we will show that by assuming complete positivity of Φ the assertion of Proposition 6 can be made more strong and explicit.
5 On extension of quantum channels and operations to unbounded observables Unital and subunital CP linear maps between algebras of all bounded operators play important role in the quantum theory. Unital CP linear maps called quantum channels describe evolution of open quantum systems in the Heisenberg picture, subunital CP linear maps called quantum operations are also used essentially, in particular, in the theory of quantum measurements [6, 19, 21] . Since many important quantum observables are unbounded operators [6, Ch.12] , it is natural to explore possibility to extend quantum channels and operation to unbounded operators and to study analytical properties of such extensions. In this section we describe an approach to this problem based on the results of Section 4.
The first result in this direction is given by Proposition 6 in Section 4 (since complete positivity implies 2-positivity). If G is a Hamiltonian of a quantum system described by the space H then TrGρ is the mean energy of a state ρ [6, 21] . So, if Φ is a quantum channel then the finiteness of the quantity Y Φ (E) defined in (51) means that energy-bounded states are mapped by the predual channel Φ * to energy-bounded states. Quantum channels possessing this property are called energy-limited channels in [23] . We will extend this definition to quantum operations. The quantity Y Φ (E)/E can be called the energy amplification factor of a quantum channel (operation) Φ. It is easy to show that finiteness of Y Φ (E) for some E implies finiteness of Y Φ (E) for all E (by proving concavity of the function E → Y Φ (E)) and that {Y Φ (E) < +∞} ⇔ {TrGΦ * (ρ) < +∞ for any ρ such that TrGρ < +∞} (by noting that a finite concave function on a closed convex set is bounded on this set). Thus, the finiteness of Y Φ (E) is a physically motivated condition: it holds for any quantum channel (operation) Φ produced in a physical experiment. If Φ : B(H) → B(H) is a completely positive map such that Φ(I H ) ≤ I H then it has the Stinespring representation
where H E is a separable Hilbert space and V Φ is a contraction from H into H ⊗ H E . Formally, we may define the action of Φ on any unbounded operator A by substituting it in the r.h.s. of (53). But, in general, the result of such substitution may be nonadequate, in particular, the operator Φ(A) may not be densely defined on H. Note: The set D G (H) contains all symmetric operators in B G (H) (in particular, all essentially self-adjoint operators in B G (H)), since they are closable [11] .
Proof. Let A belongs to the set D G (H). By Theorem 3C the operator A ⊗ I E has a unique extension to the set V G⊗I E satisfying (43).
The predual map to Φ has the form Φ * (ρ) = Tr E V Φ ρV * Φ . So, the finiteness of Y Φ (E) shows that V Φ |ϕ ∈ V G⊗I E for any ϕ ∈ V G . So, the above remark implies that the operator V * Φ [A ⊗ I E ]V Φ is well defined on V G , i.e. it belongs to the set L G (H). Let {ϕ k } be a set of vectors in H such that k ϕ k 2 ≤ 1 and k √ Gϕ k 2 ≤ E. Since V * Φ V Φ = Φ(I H ), we have V Φ 2 = Φ(I H ) ≤ 1 and hence k V Φ ϕ k 2 ≤
The operators a and a † = a * are called annihilation and creation operators correspondingly, since a|τ 0 = 0, a|τ n = √ n|τ n−1 and a † |τ n = √ n + 1|τ n+1 .
So, the operators a and a † are correctly extended to the set
n| ϕ|τ n | 2 < +∞ By using relations (55) the operators p and q are also extended to the set V N . Thus, the operators q, p, a and a † belong to the set L N (H). We will estimate the E -norm of these operators induced by the operator N (which up to the constant coincides with the Hamiltonian of a quantum oscillator). By using (56) it is easy to show that a 
